In the present paper we propose nonlinear femtosecond x-ray pump-probe spectroscopy to study the vibrational dynamics of a core-excited molecular state and discuss numerical results in CO. A femtosecond pump resonantly excites the carbon core-excited 1s-1π * state of the CO molecule. A second strong probe (control) pulse is applied at variable delay and is resonantly coupled to a valence excited state of the molecule. The strong nonlinear coupling of the control pulse induces Rabi flopping between the two electronic states. During this process, a vibrational wave packet in the core-excited state is created, which can be effectively manipulated by changing the time delay between pump and control pulses. We present an analysis of the resonant Auger electron spectrum and the transient absorption or emission spectrum on the pump transition and discuss their information content for reconstruction of the vibrational wave packet.
I. INTRODUCTION
Since their advent, x-ray free-electron lasers (FELs) have developed into quite versatile x-ray sources that deliver wavelength-tuneable x-ray pulses of durations ranging from a few to several hundred femtoseconds (fs) [1] [2] [3] . Recently, schemes have also been invented allowing for the creation of two x-ray pulses of tuneable frequency and time delay for 50-to 100-fs-long pulses [4] and a few-femtosecond pulses [5] . Moreover, self-seeding in the hard- [6] and soft-x-ray range [7] gives pulses of improved temporal coherence, and several schemes have been proposed to produce transform-limited attosecond and femtosecond pulses [8] [9] [10] . These versatile x-ray sources will therefore soon open the pathway for implementing all x-ray pump-probe schemes. One very successful scheme turns out to be splitting of the FEL pulse into two replicas and using them as time-delayed pump and probe pulses; this scheme has been successfully applied to study interatomic Coulombic decay in neon dimers [11] , charge transfer in iodine molecules [12] and iodomethane [13] , photoexcited molecular dynamics [14] and so on; an even more elaborated scheme, which makes use of a pair of x-ray pulses with slightly different wavelengths [15] [16] [17] [18] [19] , was used to probe ultrafast electronic and molecular dynamics [19] [20] [21] [22] [23] . Here, we propose a different x-ray pump-probe scheme based on two time-delayed x-ray pulses of different frequencies [15] [16] [17] [18] to study vibrational wave-packet dynamics in core-excited electronic states. In this scheme (see Fig. 1 ) a fs pump pulse resonantly excites a core-excited state R. A time-delayed probe (control) pulse of variable intensity then couples the core-excited state R to a valence excited electronic state F , thereby coherently transferring population from the ground state to the valence excited state F . In contrast to conventional pump-probe schemes, the intensity of the probe pulse is strong to allow for * song-bin.zhang@snnu.edu.cn † nina.rohringer@mpsd.mpg.de nonlinear coupling and Rabi flopping between the core-excited state R and the valence excited state F , resulting in the creation of vibrational wave packets in both states. Due to this, we call the probe pulse the control pulse in what follows. Note that the Auger spectra can be changed with only one strong pump pulse (maybe with a further weak probe pulse), Rabi splitting appears in the spectra as studied in the atomic and molecular cases [24] [25] [26] [27] ; however, with the present weak-pump strong-control scheme, as the study shows, we can get the degree to control the Auger spectra. The core-excited state R has a short lifetime and predominantly decays via Auger decay, resulting in the so-called resonant Auger scattering (RAS) process. RAS spectroscopy is successfully applied to study the nuclear wavepacket dynamics in core-excited states [28] as well as in final ionic valence excited states [29] . Here we study the resonant Auger electron spectrum and the spectrum of the transmitted pump pulse (transient absorption or emission spectroscopy) that both encode information of the core-excited vibrational wave packet. Specifically, we study this pump-probe scheme in the CO molecule, where the weak pump pulse is tuned at ω 1 = 287.4 eV to excite the ground electronic state I (X 1 + ) to the carbon core-excited state R (C 1s −1 π * 1 ), and the control pulse tuned at around ω 2 = 277.6 eV couples state R to the valence excited state F (1π −1 π * I 1 − ). The core-excited state R predominantly decays via an Auger process to the ground ionic state A (1π −1 2 ) with a lifetime of about 8.2 fs [30] . The role of the weak pump pulse is only to create the initial wave packet in the core-excited state, while the manipulation of the wave-packet dynamics is performed with the help of the strong control pulse. The wave packet in the core-excited state can be manipulated by the pulse area of the control pulse (time-integrated intensity profile): if the control pulse is chosen as a π pulse, it can only transfer the electronic population from the core-excited state R down to the final state F , and the dynamics of the core-excited state will not be changed. However, when the control-pulse intensity is chosen so that it allows for a full Rabi cycle transferring the population back to the core-excited state (e.g., a 2π pulse), the dynamics of the FIG. 1. Potential-energy curves for the four involved electronic states and the schematics of the present pump-probe scheme. The optical nonlinear interaction is caused by the strong probe (control) pulse on the transition between states R and F . The wave-packet dynamics in state R can be monitored either by the RAS spectrum to the state A or the transient absorption signal of the pump radiation. All potential curves are described by the Morse potentials with the parameters taken from Ref. [38] .
core-excited wave packet can be altered by the control pulse. In the following we show that the nonlinearity caused by the strong control pulse on the transition between the core-excited state R and the valance excited state F can effectively change the wave-packet dynamics of the core-excited state, which is reflected in the RAS spectra.
In addition to the RAS spectrum, we study the transient absorption or emission spectrum of the transmitted radiation. Since the technique of transient absorption with strong infrared (IR) pump and weak extreme ultraviolet (XUV) probe has been successfully applied to study the Fano lineshape [31] and control the time-dependent two-electron wave packet [32] , we can expect the technique of all-x-ray transient absorption to play important roles in the near future. In principle, both the transmitted pump pulse and control pulse encode information of the core-excited wave-packet dynamics. The control pulse, however, encodes vibrational wave-packet dynamics of both the core and valence excited states, so that it is more difficult to unravel the wave-packet dynamics in both states. We therefore study the absorption or emission spectrum of the weak pump pulse, which only reflects wave-packet dynamics in the core-excited state. The absorption or emission spectrum is numerically studied by calculating the molecular dipole response function [33] [34] [35] . In this first study, we omit propagation effects, which could appear by propagation through an optically dense medium [36, 37] . Despite this simplification, it turns out that the RAS is much easier to interpret than the transient absorption or emission spectrum.
The numerical method is briefly introduced in the next section, followed by a discussion of the numerical results and a conclusion. Unless otherwise stated, atomic units (a.u.) are used throughout the paper.
II. THEORETICAL METHOD
The time-dependent wave-packet-propagation method [25, 26, 39] is employed to evaluate the dynamics of the electronic states and the RAS spectrum. Within the BornOppenheimer approximation, the total wave function (t), including the four electronic states (the ground, resonant, and final valance excited sates with the stationary electronic wave functions I , R , and F , respectively, and the ionic state produced by the emission of Auger electrons of energy ε and electronic wave function ε A ) can be expanded as (t) = I (t) I + R (t)e
Here, I (t), R (t), F (t), and A (ε,t) are the time-dependent nuclear wave packets propagating on the respective electronic surfaces. The time-dependent norm of X (t) corresponds to the time-dependent occupation probabilities of the electronic state X = (I,R,F,A). In the ansatz of the total wave function we separated a rapid-evolving phase factor e −iω 1 t or e −i(ω 1 −ω 2 )t [25, 26, [40] [41] [42] [43] .
We suppose a linearly polarized electric field G i (t) = g 0i g i (t) cos(ω i t) (i = 1 and 2, representing the index for the pump and control pulses, respectively) with pulse envelope g i (t) and electric-field strength g 0i . Inserting the total wave function into the time-dependent Schrödinger equation for the total Hamiltonian and implying the rotating-wave approximation [44, 45] and the local approximation [39, 40, 46, 47] leads to the following set of equations determining the evolution of the wave packets:
Here R is the nuclear distance, θ is the angle between the molecular axis and the polarization of the pulse, T(R,θ) is the nuclear kinetic operator for the vibrational and rotational motions, V I (R), V R (R), V F (R), and V A (R) are the potentialenergy curves (PECs) of the electronic states (see Fig. 1 ), the functions
, with the the dipole transition elements
A |1/r 12 | R is the Coulomb matrix element between the core-excited state and the final ionic state, Aug = 2π |V | 2 is the Auger decay width, which is 0.08 eV in the case considered, corresponding to an Auger lifetime of about 8.2 fs, and − i 2 ph (t) represents the time-dependent leakage due to direct photoionization [25, 26] . Since the wave-packet dynamics in the present study evolve around the equilibrium 063413-2 region of the CO molecule, it would be a good approximation to neglect the nuclear coordinate dependence of those parameters, explicitly, d 1 = 0.1 a.u., d 2 = 0.03 a.u., and V = 0.007 a.u. [25] .
Finally the RAS spectrum can be computed as the norm of the wave packet A (ε,t) at long times [25, 26, 39] :
The total Auger electron yield is given by
The system of Eq. (2) is solved numerically employing Gaussian pulses g 1 (t) = g 2 (t) = e −t 2 /τ 2 of τ = 1.7 fs (the full width at half-maximum of the pulse is ∼2.83 fs) by multiconfiguration time-dependent Hartree (MCTDH) [48] . The pulse durations and the delay times between the pulses are much shorter than any involved rotational periods of the molecule, so that the molecular alignment or orientation with respect to the laser polarization can be regarded as constant during the interaction with the two pulses. Note that impulsive laser alignment techniques allow us to achieve quite high field-free laser alignment [49] . We suppose that the ensemble of molecules is aligned perpendicularly to the laser polarization axis (or θ = π/2). Initially, the molecule is in its ground electronic and vibrational states.
III. NUMERICAL RESULTS
The field intensity (defined in terms of the Rabi frequency i = d i g 0i , i = 1,2) of the weak resonant ultrashort pump pulse is fixed and chosen to be 1 = 0.005 a.u. or 0.136 eV (corresponding to a Rabi period of ∼30.0 fs), so that the depletion of the ground state is within 10%. Our calculations show that this pulse directly ionizes the ground state by less than 0.01%, thus depletion of the ground state is dominantly induced by the core excitation, followed by the Auger decay of the core-excited state. As discussed in the previous part, the ability of transferring the electrons back to the core-excited state R through the intermediate valance excited state F is controlled by changing the intensity of the control pulse. The special cases of a π pulse and a 2π pulse are the simplest cases. For our numerical study we choose pulses with Rabi frequencies of 2 = 0.025 and 0.05 a.u., with Rabi periods of about 6.0 and 3.0 fs, respectively. Figure 2 shows the total Auger electron yields as a function of the control-pulse frequency ω 2 and the time delay t for these two different control intensities. As can be seen in Fig. 2 , the total Auger yields experience a minimum at around ω 2 = 277.6 eV and t = 1.0 fs which is selected as the optimized frequency for the control pulse in the remainder of this work, while the delay time is varied. The weak and strong control pulses induce different dynamics between states R and F , different populations are transferred from state R to state F , resulting in the big changes of the total Auger yields between the two cases with different control pulses.
The RAS spectra modified by the ultrashort control pulse are shown in Figs. 3 and 4 for different time delays with control intensities 2 = 0.025 and 0.05 a.u., respectively. When the control pulse arrives before the pump pulse (for t = −2.0 fs), the population of the R state is negligible and the control pulse does not interact resonantly with the molecule. In this case, the RAS spectra for the both control intensities show very similar structure, corresponding to the conventional measurements [50] in the weak-field regime with synchrotron radiation. The only exception is an additional peak around 271.1 eV in the present calculations, which appears due to the resonant weak vibrational excitation of the ν = 1 vibrational level in the core-excited state by the broad ultrashort control pulse. As expected, in the case with the weak control intensity (or 2 = 0.025 a.u.; see Fig. 3 ), the structures of the Auger spectra do not change much for different t, but for an overall drop in spectral intensity with increasing t. It is consistent with the decreases of the total Auger yields by varying t shown in Fig. 2 for ω 2 = 277.6 eV.
In the case with the strong control intensity ( 2 = 0.05 a.u.; see Fig. 4 ), the shape of the Auger spectra change significantly for different t. When the two pulses are fully overlapped (or t = 0.0 fs), a totally new spectrum appears, no main structures exist, the intensities for all the peaks are comparable, and one additional peak shows up at around 271.35 eV. When t is increased to 1.0 fs, the spectrum changes again, the intensity of the peak at around 271.1 eV increases considerably, and the peaks below 271.1 eV entirely shift up in energy by about 0.05 eV. Such changes are even more significant when t is further increased to 5.0 and 9.0 fs. All these changes are directly related to the effect of the ultrashort control pulse, which repopulates the different vibrational states of the core-excited state when transferring the electrons back to the intermediate state R, and thereby changing its vibrational wave packet, which is reflected in the RAS spectrum.
The vibrationally resolved structures of the Auger spectrum can be understood from the Franck-Condon factors between the core-excited state R and the final RAS ionic state A [50] . Supposing |ν X refers to the vibrational state |ν of electronic state X, | X ν |ν Y | 2 denotes the Franck-Condon factors (FCFs) between electronic states Y and X. Figure 5 shows the FCFs | R ν |ν = 0 I | 2 and | A ν |ν R | 2 , calculated with the potential energy curves shown in Fig. 1 . Since the FCF | R ν = 0|ν = 0 I | 2 dominates all the other FCFs | R ν |ν = 0 I | 2 , the weak pump pulse transfers the electrons from the state |ν = 0 I mainly to the state |ν = 0 R , same as in conventional x-ray absorption spectroscopy (XAS), where the absorption of a monochromatic pulse is studied as a function of incoming photon energy, the conventional RAS spectrum [50] shows a strong similarity to the distribution of the FCFs | A ν |ν = 0 R | 2 (see black bars of the middle panel and cycle line in the lower panel of Fig. 5 ). However, if more than one vibrational state of the electronic state R is populated, one can expect drastic change of the RAS spectra due to contribution from the higher excited vibrational states |ν R (see red, blue, and green bars in Fig. 5 ).
Returning to the present work, the weak pump pulse prepares the initial vibrational states in state R mainly in ν = 0, the control pulse time delayed by t repopulates those vibrational states in state R. The vibrational occupation probabilities of state R and the Franck-Condon factors | A ν |ν R | 2 can help us to qualitatively understand the changed RAS spectra. The vibrational occupation probabilities of state R after the different time-delayed control pulses are shown in Figs. 6 and 7 for the cases with weak and strong control intensities, respectively.
As revealed in Fig. 6 , the weak control pulse does not change the dominant nature of state |ν = 0 R . The occupation probability of state |ν = 1 R is not negligible. This is consistent with the findings in Fig. 3 that the structures of the RAS spectra for different t are similar and close to the spectrum measured in the weak field. The additional peak in the spectra at around 271.1 eV can be assigned to the initial occupation of the ν = 1 state by the broadband pump pulse, and its intensity is dominated by FCFs | A ν = 0|ν = 1 R | 2 . When t = 9.0 fs, the occupation probability of state |ν = 0 R is still larger than that of |ν = 1 R , but comparable in size, which results in the small structures at around 270.2, 270.4, and 270.6 eV in the spectrum shown in Fig. 3 for t = 9.0 fs. And when t is big or the control pulse is far behind the pump pulse, coherent evolution of the field-free system plays the major role, some population from the |ν = 0 R state goes into the |ν = 1 R state and the population of |ν = 1 R is increasing over time.
The strong control pulse largely changes the occupation probabilities of states |ν R , as shown in Fig. 7 . In the case of time delay t = 0.0 fs, the occupation probability of state |ν = 0 R decreases a lot with respect to the pump-only spectrum and is only a little larger than that of states |ν = 1,2 R . When t = 1.0 fs, the occupation probability of state |ν = 0 R even becomes negligible at times long after the control pulse has passed. When t 1.0 fs, state |ν = 1 R becomes the dominant one after the control pulse has passed, the peak in the spectra shown in Fig. 4 at around 271.1 eV becomes more pronounced. The control pulse also repopulates state |ν = 2 R considerably when t = 1.0 and 5.0 fs, which explains the significance of the peak in the spectra shown in Fig. 4 Let us turn to x-ray transient absorption spectra (XTAS) to trace the nuclear dynamics studied above, similarly as done in conventional transient absorption spectroscopy [34, 35] . In particular, we consider here the XTAS as a tool to monitor the core-excited wave packet. expressed as [33] [34] [35] 
where μ(ω) and E(ω) are the Fourier transforms of the time-dependent induced dipole μ(t) = (t)|μ| (t) and the electric field E(t), respectively. Considering the studies in this work, the induced dipole can be simplified as
, where the first and second terms correspond to the induced dipoles from the transitions between states I and R and states R and F , respectively. The spectral components of the pump and control transition are energetically well separated, i.e., μ IR (ω) at around 287.4 eV and μ RF (ω) at around 277.6 eV. The depletion of the electronic ground state by the pump is weak, so that there are basically no higher-lying vibrational states excited in the electronic ground state. The control pulse, on the contrary, can induce Rabi flopping between states R and F , which results in a change of the vibrational wave packets of both states R and F . Since both transition dipoles μ IR and μ RF monitor the core-excited state, they can be analyzed to learn about the nonlinear response induced by the control pulse. Since there is no vibrational wave packet in the ground state, study of the absorption spectrum given by μ IR (ω) at around 287.4 eV is the simplest choice, to monitor the vibrational wave packet in state R. Analyzing the dipole μ RF (ω) at around 277.6 eV gives information of vibrational wave packet induces in states R and F and is quite difficult to interpret. Figure 8 shows the XTAS of the pump field around 287.4 eV for both the weak and strong control pulses and for different time delays. As clearly shown in the plots, the absorption spectra for the weak control pulses ( 2 = 0.025 a.u.) show two peaks, which correspond to the vibrational transitions |ν = 0 I → |ν = 0 R and |ν = 0 I → |ν = 1 R , and the relative intensities are determined by the Frank-Condon
The absorption profile obtained by using Eq. (4) coincides with conventional C1s → π * absorption spectroscopy [51] . The negative parts in the spectra around 287.2 eV mainly come from the emissions |ν = 1 R → |ν = 1 I . The changes of the absorption spectra for strong control pulses ( 2 = 0.05 a.u.) are quite complex. Increasing t, the two main peaks shift and split into multiple peaks, the spectra become dominated by the nonlinear Autler-Townes splitting, the vibrational transitions cannot be identified from the absorption peaks anymore, and it is not straightforward to determine the changes of the vibrational occupation probabilities by a simple analysis. In contrast, at the same condition, the resonant Auger spectroscopy (shown in Fig. 7 ) still clearly shows the vibrational structure, and the position and occupation of the vibrational states in the core-excited electronic state can be inferred from the spectrum. RAS spectroscopy is therefore a powerful complementary technique to transient absorption spectroscopy and can, as demonstrated in this case, have a simpler interpretation as compared with the transient absorption spectrum.
Before making conclusions, we should note that, although the XTAS for a strong control pulse ( 2 = 0.05 a.u.) is complex from the aspect of Autler-Townes splitting, it manifests clearly an asymmetric lineshape with the changes of t, similar to the Fano profile resulting from the interference of the transition to the bound state embedded in the continuum [32, 34, [52] [53] [54] . As was recently approved, the laser control allows us to manipulate the interference and as the results of changing the lineshape of the transient absorption spectra from the Lorentz to Fano profile [31, 55, 56] . In the present case of CO, the final bound state F , with a large shift of the PEC equilibrium from the ground state and core-excited state and a shallow PEC with the vibrational frequency much smaller than the bandwidth of the control pulse, can be considered as a quasicontinuum, similar to the molecular dissociative continuum, where the Fano profile for the populations dynamics was observed earlier [57] . Due to the presence of the strong laser field, the discrete state R is embedded in a quasicontinuum state F [also called a light-induced continuum structure (LICS) [58, 59] ], resulting in the observed Fano profile of the XTAS.
A simplified model and simulation depicted in Fig. 9 is performed to illustrate the above statements. Here we use the one-level approximation for the ground state I and resonant core-excited state R, while vibrational manifold of the final state F is fully taken into account. The same pulse parameters for the pump and control pulses of Fig. 8 are employed here. The case of a single discrete level embedded in a spectral continuum in this case can be described by the well-known Fano formula [52, 53] , derived for the case of an autoionization state:
where ε = 2(ω − ω IR )/ Aug describes the detuning of the pump field from the 0-0 vibrational transition between I and R states [ Fig. 9(a) ]. induces additional phase between the discrete and continuum states, resulting in a complex Fano parameter q [57, 59, 60] depending on the pulse intensity and also the time delay t between the pulses. Back to the real system, the XTAS (Fig. 8) is much more complex as compared with the simplified model simulations (Fig. 9) , which can be simply understood from the fact that, in reality, several vibrational levels in the core-excited state are populated (Fig. 7) bringing up much more complex interference phenomena. Further theoretical investigations of XTAS are necessary to fully understand this technique on the studies of molecules.
IV. CONCLUSIONS
In the present paper we propose a nonlinear x-ray pumpprobe scheme based on resonant Auger electron spectroscopy and discussing numerical results for the CO molecule. A relatively weak pump pulse resonantly excites a CO molecule to a core-excited state. A second time-delayed control pulse resonantly couples this core-excited state to a valence excited state, allowing for the Rabi flopping between both states. During this process of coherent population transfer, vibrational wave packets in the core-excited and valence excited states are induced. Both the resonant Auger spectrum and the transient absorption or emission spectrum of the pump pulse give valuable information on the core-excited vibrational wave-packet dynamics. We present a detailed numerical study of this pump-probe scheme, and the RAS and absorption or emission spectra were interpreted in terms of vibrational Frank-Condon overlaps. Both spectra show a strong sensitivity to the delay time between pulses. In the case of a weak control pulse (with a pulse area corresponding to less than that of a π pulse), the Auger spectrum is hardly affected, only showing a drop in the spectral intensity according to the loss of the core-excited state population due to the resonant transfer to the lower-lying state. For stronger intensities of the control pulse, the vibrational distribution of the upper state is shuffled by revolving the population via the resonantly coupled vibrationally excited state. This results in a coherent change of the wave packet in the core-excited state, with clear interference effects in the according RAS spectra. Compared to transient absorption or emission spectroscopy of the weak pump pulses, the RAS spectra provide a clearer picture of the vibrational components involved. The absorption or emission spectra provide information of the strength of the resonance coupling of the control field, resulting in dynamical Stark splitting in the absorption and emission features. RAS spectroscopy can thus be a powerful alternative tool to transient absorption or emission spectroscopy in this nonlinear x-ray pump-probe setting. Moreover, Auger electron spectroscopy brings additional information on the final states of a system driven by a strong x-ray field, easily distinguishing singleand multi-ionized molecular states. This, together with the vibrational dynamics resolution, makes the RAS technique indispensable for strong-field XFEL applications. Our study also shows that XTAS cannot be simply understood or it is not easy to extract the dynamic information from XTAS of molecules, so further theoretical investigations of XTAS on the studies of molecules will be performed in the near future.
